Abstract. Let A be an abelian variety defined over a number field k and let F be a finite Galois extension of k. Let p be a prime number. Then under certain not-too-stringent conditions on A and F we compute explicitly the algebraic part of the p-component of the equivariant Tamagawa number of the pair
Introduction
Let A be an abelian variety defined over a number field k. Then for any finite Galois extension F of k with group G the equivariant Tamagawa number conjecture for the pair h 1 (A /F )(1), Z[G] is formulated in [16, Conjecture 4(iv)] as an equality in a relative algebraic K-group. This conjectural equality is rather technical to state and very inexplicit in nature but is known to constitute a strong and simultaneous refinement of the Birch and Swinnerton-Dyer conjecture for A over each of the intermediate fields of F/k.
The refined conjecture also naturally decomposes into 'components', one for each rational prime p, in a way that will be made precise in §5.1 below, and each such p-component (which for convenience we refer to as 'eTNC p ' in the remainder of this introduction) is itself of some interest. We recall, for example, that if A has good ordinary reduction at p, then the compatibility result proved by Venjakob and the first named author in [19, Theorem 8.4] shows that eTNC p is very closely related to the main conjecture of non-commutative Iwasawa theory for A with respect to any compact p-adic Lie extension of k that contains F .
If p does not divide the order of G, then, without any hypothesis on the reduction of A at p, it is straightforward to use the techniques developed in [15, §1.7] to give an explicit interpretation of eTNC p (although, of course, obtaining a full proof in this case still remains a very difficult problem). However, if p divides the order of G, then even obtaining an explicit interpretation of eTNC p has hitherto seemed to be a very difficult problem -see, for example, the considerable efforts made by Bley [3, 4] in this direction.
One of the main goals of the present article is therefore to develop a general approach which can be used to obtain (both theoretical and numerical) verifications of eTNC p in the technically most demanding case in which the abelian variety A has strictly positive rank over F and the Galois group G is both non-abelian and of order divisible by p.
To give a concrete example of the results we shall obtain in this way, we note that in §6.1 our techniques will be combined with the theorem of Gross and Zagier to prove the following result (and to help put this result into context see Remarks 1.2 and 1.3 below). Theorem 1.1. Let p be an odd prime, K an imaginary quadratic field in which p is unramified and F its Hilbert p-classfield. Write G for the generalised dihedral group Gal(F/Q).
Let A be an elliptic curve over Q which satisfies, with respect to the field K, the hypotheses (a), (b), (c), (e) and (f ) that are listed in §3 and for which the Tate-Shafarevich group X(A F ) is finite.
Assume in addition that each of the following four hypotheses is satisfied.
(i) all primes of bad reduction for A split in K/Q; (ii) the Galois group of K A[p] /K is isomorphic to GL 2 (F p ); (iii) the Hasse-Weil L-function L(A /K , s) has a simple zero at s = 1; (iv) the trace to A(K) of the Heegner point is not divisible by p.
Then the p-component of the equivariant Tamagawa number conjecture is valid for the pair h 1 (A /F )(1), Z[G] .
Remark 1.2. For a fixed elliptic curve A over Q and imaginary quadratic field K, it will be clear that the hypotheses (a), (b) and (c) that occur in the statement of Theorem 1.1 are satisfied by all but finitely many primes p. In addition, it will be clear that for a fixed A and p the hypotheses (e) and (f) only constitute a mild restriction on the ramification of the extension K/Q. Finally we recall that, by a famous result of Serre [46] , the hypothesis (ii) holds for almost all p if A does not have complex multiplication. Remark 1.3. In the context of Theorem 1.1 we also note that for any natural number n there are infinitely many imaginary quadratic fields K in which p does not ramify and for which the group Gal(F/K) has exponent divisible by p n . (For details of an explicit, and infinite, family of such fields see for example Louboutin [36] .) In this context it therefore seems worth noting that the only previous verification of eTNC p for an abelian variety A and a Galois extension of degree divisible by p is given by Bley in [5, Corollary 1.4 and Remark 4.1] where it is assumed, amongst other things, that A is an elliptic curve, F is an abelian extension of Q of exponent p and, critically, that the rank of A over F is equal to zero.
In addition to the proof of Theorem 1.1, in §6 we will also provide further explicit examples in which our approach leads to a proof of eTNC p in cases for which p divides the degree of the relevant extension. More precisely, we show that for certain elliptic curves A the validity of eTNC p with p = 3 follows from that of the relevant cases of the Birch and Swinnerton-Dyer conjecture for a family of S 3 -extensions of number fields (see Corollary 6.2) and provide examples (with p = 5 and p = 7) in which our approach allows eTNC p to be verified by numerical computations (see §6.3).
In order to prove the above results we must first establish several intermediate results which are both more general and also we feel of some independent interest. To briefly discuss these results, we fix an abelian variety A over a number field k, a finite Galois extension F of k with Galois group G and an odd prime p.
In §4 we shall first compute, under some not-too-stringent conditions on A and F , the 'algebraic part' of the p-component of the equivariant Tamagawa number of the pair h 1 (A /F )(1), Z [G] . This computation requires a close analysis of certain refined Euler characteristics (in the sense reviewed in §4.1) that are constructed by combining the finite support cohomology complex of Bloch and Kato for the base change through F/k of the p-adic Tate module of the dual A t of A together with the Néron-Tate height of A relative to the field F . We note that the main result of this analysis constitutes a natural equivariant refinement and/or generalisation of several earlier computations in this area including those that are made by Venjakob in [50, §3.1] , by Bley in [3] , by Kings in [35, Lecture 3] and by the first named author in [14, §12] .
The detailed computation made in §4 then allows us in §5 to interpret the relevant case of eTNC p as a family of p-adic congruence relations between the values at s = 1 of higher derivatives of the Hasse-Weil L-functions of twists of A by irreducible complex characters of G, suitably normalised by a product of explicit equivariant regulators and periods.
We next describe several interesting (conjectural) consequences of this reinterpretation of eTNC p , including the predicted annihilation as a Galois module of the p-primary Tate-Shafarevich of A t over F by elements which interpolate the (suitably normalised) values at s = 1 of higher derivatives of twisted Hasse-Weil L-functions (see Proposition 5.2 and Proposition 5.6).
By using results on the explicit Galois structure of Selmer groups that are obtained in [18] , we then show that for generalised dihedral groups G the necessary p-adic congruence relations can be made very explicit even in the case that A has strictly positive rank over F (see Theorem 5.8).
The latter explicit interpretation is then used as a key step in the proof of Theorem 1.1. We note finally that there are several ways in which it seems reasonable to expect that some of the explicit computations made in §4 could (with perhaps considerably more effort) be extended and our overall approach thereby generalised and that we hope such possibilities will be further explored in subsequent articles.
1.1. Acknowledgements. The authors are very grateful to Werner Bley and Stefano Vigni for helpful discussions and correspondence and to the anonymous referee for making several useful suggestions.
Notations and setting
For any finite group Γ we use the following notation. We write Ir(Γ) for the set of irreducible E-valued characters of Γ, where E denotes either C or C p (and the intended meaning will always be clear from the context). We also write 1 Γ for the trivial character of Γ andψ for the contragredient of each ψ in Ir(Γ). For each ψ in Ir(Γ) we write 
For any Z p [Γ]-module M we write M ∨ for the Pontryagin dual Hom Zp (M, Q p /Z p ) and M * for the linear dual Hom Zp (M, Z p ), each endowed with the natural contragredient action of Γ. If M is finitely generated, then for any field extension F of Q p we set
For any Galois extension of fields L/K we write G L/K in place of Gal(L/K). We also fix an algebraic closure K c of K and abbreviate G K c /K to G K . For each non-archimedean place v of a number field we write κ v for its residue field.
Throughout this paper, we will consider the following situation. We have a fixed odd prime p and a Galois extension F/k of number fields with Galois group G = G F/k . We choose a p-Sylow subgroup P in G and set K := F P . We give ourselves an abelian variety A of dimension d defined over k. We write A t for the dual abelian variety of A.
For each intermediate field
for the set of non-archimedean places of L that are p-adic, which ramify in F/L and at which A /L has bad reduction respectively. Similarly, we write S L ∞ , S L R and S L C for the set of archimedean, real and complex places of L respectively. The notation S ? will stand for S k ? when "?" is b, r, p, ∞, R or C. For each such field L we also set rk(A L ) := rk(A(L)) and write X p (A L ) and Sel p (A L ) for the p-primary Tate-Shafarevich and Selmer groups of A /L . We recall that there exists a canonical exact sequence of the form
The hypotheses
Fix an odd prime p, number fields k, F and K = F P and an abelian variety A as described above. Then throughout this article we will find it convenient to assume that this data satisfies the following hypotheses: Remark 3.1. For a fixed abelian variety A over k and extension K/k the hypotheses (a), (b) and (c) are clearly satisfied by all but finitely many primes p (which do not divide the degree of K/k), the hypotheses (e) and (f) constitute a mild restriction on the ramification of F/k and the hypothesis (g) is famously conjectured to be true in all cases. However, the hypothesis (d) excludes the case that is called 'anomalous' by Mazur in [38] and, for a given A, there may be infinitely many primes p for which there are p-adic places v at which A has good ordinary reduction but A(κ v )[p] does not vanish. Nevertheless, it is straightforward to describe examples of abelian varieties A for which there are only finitely many such anomalous places -see, for example, the result of Mazur and Rubin in [39, Lemma A.5 ].
Remark 3.2. In the analysis of finite support cohomology complexes that is given in Lemma 4.1 below we find it convenient to adopt the convention of considering the p-adic Tate module of A t rather than that of A itself. Applications of the hypotheses (b)-(f) in this article will therefore often take place with A replaced by A t . In this regard, we note that the validity of each of these hypotheses as currently formulated is equivalent to the validity of the corresponding hypothesis with A replaced by A t and we will henceforth use this fact without further explicit comment.
Canonical Euler characteristics
In most of this section we assume that the fixed data p, k, F, K and A satisfy all of the hypotheses (a)-(g) that are listed in §3.
Our main aim is to compute explicitly the natural (refined) Euler characteristic that is associated to the pair comprising the Bloch-Kato finite support cohomology complex of the base-change through F/k of the p-adic Tate module of the dual abelian variety A t of A and the Néron-Tate height of A relative to the field F .
Euler characteristics.
We first quickly review the definition of refined Euler characteristics that will play an essential role in the sequel. For convenience, we shall only give an explicit construction in the relevant special case rather than discussing the general approach (which is given in [13] We assume to be given a complex
which is acyclic outside degrees a and a + 1 for any given integer a and such that H a (C) is Z p -free. We also assume to be given an isomorphism of
Then, under these hypotheses, it can be shown that there exists an isomorphism ι :
− → P where P is finitely generated and projective and the first term occurs in degree a. We then consider the following auxiliary composite isomorphism of C p [G]-modules
where the first and third maps are obtained by choosing
and recall that this group is generated by elements of the form [Q, µ, Q ′ ] where Q and Q ′ are finitely generated projective Z p [G]-modules and µ is an isomorphism of
′ . In particular, in terms of this description, it can be shown that the element of
is independent of the choice of isomorphism ι (and hence of the module P ) and of the splittings made when defining the isomorphism λ P • . This element will be referred to as the 'refined Euler characteristic' of the pair (C, λ) in the sequel.
4.2.
Cohomology with finite support. We now turn to consider the finite support cohomology complex of the p-adic Tate module T p (A) of A t . To do this we write Σ k (F ) for the set of k-embeddings F → k c and Y F/k,p for the module
Then the p-adic Tate module of the base change of A t through F/k is equal to
where G acts naturally on the first factor and G k acts diagonally. We set
For each place v of k we set G v := G kv and write I v for the inertia subgroup of G v . We also fix a place w of F above v and a corresponding embedding F → k For each non-archimedean place v we then define a complex of Z p [G]-modules by setting
Iv is placed in degree zero and Fr v is the natural
. In view of the exact triangles (2) and (3), claim (i) will therefore follow if we can show that for each
T p where we write w ′ for a place in K below w and set
In particular, even without assuming our hypotheses, if the ramification index of v in F/k is not divisible by p, then w ′ is unramified in F/K so T ∧ p is cohomologically-trivial over each subgroup C of G w that has order p. The point here is that, for a given p-Sylow subgroup P w of G w , there exists a normal subgroup C of P w which has order p and hence also a Hochschild-Serre spectral sequence in Tate cohomologyĤ 
∨ and that there is a canonical exact sequence of 
In view of the natural isomorphism
it is thus enough to show that
is torsion-free and so the result is clear. On the other hand, if v ∈ S b , then (e) implies that v / ∈ S r so I w = I w ′ and hence the group
vanishes as a consequence of (b) and the fact that In the sequel we assume that A, F and p satisfy the hypotheses (a)-(g). Then Lemma 4.1 implies that the complex C
, is acyclic outside degrees one and two and is such that for each isomorphism of fields j : C ∼ = C p there exists a canonical composite isomorphism of
in which the central isomorphism is induced by the C-linear extension to C⊗ Z A(F ) of the Néron-Tate height of A relative to the field F . Hypothesis (a) implies that the p-group P acts on A(F )[p] with a single fixed point and hence that the module
A,F ) is Z p -free and so the above observations imply that the construction in §4.1 applies to the pair C
to give a canonical Euler characteristic
This element χ j (A, F/k) encodes detailed information about a range of aspects of the arithmetic of A /F and in the remainder of §4 we shall explicitly relate it to the equivariant Tamagawa numbers that are defined in [16] . In §5 this comparison result plays a key role in the formulation of a precise conjectural description of a pre-image of χ j (A, F/k) under the boundary homomorphism
. For each isomorphism j : C ∼ = C p as above there is an induced composite homomorphism of abelian groups
(where the first and third arrows are induced by the inclusions
For each such j we set
where
is the 'algebraic part' of the equivariant Tamagawa number for the pair
, as defined (unconditionally under the assumed validity of hypothesis (g)) in [16, §3.4].
In order to relate this element to the Euler characteristic χ j (A, F/k) defined above we must first introduce an auxiliary element of
To do this we define a complex
where, as before, S denotes S r ∪ S b . It is then clear that C
loc,•
A,F is acyclic outside degrees zero and one, that
and that there is a canonical identification of
, where we set F p := F ⊗ Q Q p . We next use this description of the cohomology of C loc,• A,F to define a canonical isomorphism of
A,F . For this we write Σ(k) for the set of embeddings k → C and Σ σ (F ), for each σ in Σ(k), for the set of embeddings F → C that extend σ. For v in S ∞ we fix a corresponding element σ v of Σ(k) and consider the C-linear map
, Z of a cycleγ to the map induced by sending a differential ω to γ ω := γ ω.
For each place v in S ∞ we also write Y v,F for the module Σσ v (F ) Z, endowed with its natural action of the direct product G×G v , and then define λ exp,j
A,F to be the following composite isomorphism of
A,F . Here the first isomorphism is induced by the canonical comparison isomorphisms
the second by the maps C p ⊗ C,j π v and the canonical decomposition
and the third by the sum over places v in S p of the classical exponential map
where we set
. It is also acyclic outside degrees zero and one and such that
is Z p -free and so we may use the construction of §4.1
We are now ready to state the main result of this section. In this result, and the sequel, we shall use the composite homomorphism
where the first arrow is the inverse of the (bijective) reduced norm homomorphism Nrd Cp[G] and the second is the standard boundary homomorphism ∂ G,p .
Proposition 4.2. Assume that A and F satisfy the hypotheses (a)-(g). Then in
Here for each place v in S ∪ S p we set
where ϕ v is the crystalline Frobenius at v.
we first recall relevant facts concerning the formalism of virtual objects introduced by Deligne in [24] (for more details see [16, §2] ).
With R denoting either
we write V (R) for the category of virtual objects over R and (2)]) and we write (X, Y ) → X · Y for its product and 1 R for the unit object [0] R . Writing P 0 for the Picard category with unique object 1 P0 and Aut P0 (1 P0 ) = 0 we use the isomorphism of abelian groups
that is described in [16, Proposition 2.5]. In particular, via this isomorphism, each pair comprising an object X of V Z p [G] and a morphism ι :
and is acyclic outside degrees a and a + 1 (for any integer a), then any isomorphism λ :
, λ Triv , whilst Theorem 6.2 and Lemma 6.3 in loc. cit. combine to imply that if
which is the complex of the compactly supportedétale cohomology of 
We consider the following diagram in
Here ∆ is the morphism induced by the scalar extension of (10), ι denotes the canonical identification and the morphisms α and α ′ are defined by the condition that the two squares commute. We claim that this definition of α and α ′ implies that
where the morphisms ϑ ∞ and ϑ p are as constructed in [16, §3.4]. To verify this we note that the scalar extension of (10) (19) and (22)
induced by the identity map on V p,v ; the occurrence of the morphism α ′ in the equality (12) is thus accounted for by applying the remark made immediately after [16, (24) ] to each of the complexes V 
The product structure of
) P 0 then combines with the commutativity of (11) to imply that it is also equal to
This implies the claimed result since (9) implies that
whilst the explicit description of the isomorphism (8) implies that
4.4. The local term. In this section we explicitly compute the Euler characteristic χ loc j (A, F/k) that occurs in Proposition 4.2 in terms of both archimedean periods and global Galois-Gauss sums.
In the sequel we sometimes suppress explicit reference to the fixed identification of fields j : C ∼ = C p . In addition, for each natural number m we will write [m] for the set of integers i which satisfy 1 ≤ i ≤ m.
Periods and Galois Gauss sums. We fix Néron models
and is also such that each ω b extends to an element of
and
, where c denotes complex conjugation, and then set
, where in both matrices (a, b)
(By explicitly computing integrals these periods can be related to those obtained by integrating measures as occurring in the classical formulation of the Birch and Swinnerton-Dyer conjecture -see, for example, Gross [30, p. 224] ). For any ψ ∈ Ir(G) and v ∈ S R , we set ψ
. Then we define the periods
and Ω(A, ψ) := v∈S∞ Ω v (A, ψ) and finally set
For each v in S R , respectively. in S C , we also define w v (ψ) to be equal to i
, and then set w ∞ (ψ) := v∈S∞ w v (ψ) and
To describe the relevant Galois Gauss sums we first define for each non-archimedean place v of k the 'non-ramified characteristic' u v to be the image under the natural induction map
× . For each character ψ in Ir(G) we then define a modified equivariant global Galois-Gauss sum by setting
where the individual Galois Gauss sums τ (Q, −) are as defined by Martinet in [37] .
4.4.2.
Computation of the local Euler characteristic. The explicit computation of the Euler characteristic χ loc j (A, F/k) is made considerably more difficult by the presence of p-adic places which ramify in any of the relevant field extensions. For simplicity in the sequel, and to focus attention on the key ideas in the present article, we therefore impose the following additional hypothesis (h) p is unramified in F/Q.
A full treatment of the terms χ loc j (A, F/k) in the general (ramified) case will then be given in a future article.
In the following result we use the elements
× that are defined in Proposition 4.2. We will also write j * for the isomorphism ζ(
× that is induced by j. We finally recall that d denotes the dimension of A. 
for all v in S r (by Lemma 4.1(i)), the comparison isomorphisms (5) induce a natural isomorphism
Here we setλ
and the second equality follows by combining for each v in S b the explicit definition of the term L v (A, F/k) together with the facts that there is an exact sequence of
-module (as a consequence of hypothesis (e)). We next note thatλ 
Combining this equality with (13) and the explicit computations in Lemmas 4.4 and 4.5 below one finds that χ
Here we have set Y F := Σ(F ) Z, endowed with its natural action of G, and written π F :
for the natural isomorphism. To deduce the claimed result from this expression it suffices to show O F,p , π F , Y F,p is equal to δ G,p j * (τ * (F/k)) and, since no p-adic place of k ramifies in F/k, this follows directly from equation (34), Proposition 7.1 and Corollary 7.6 in [6] .
Lemma 4.4. If at each place v in S p the extension F w /Q p is unramified and A has good reduction, then one has
Proof. We fix v in S p and write F (A) ), where D cr,v is the quasi-inverse to the functor of Fontaine and Lafaille used by Niziol in [42] , and the theory of Fontaine and Messing [28] implies that the canonical comparison isomorphism
. In this case it is also shown in [8] 
Here the term D v /F 0 D v in the first complex occurs in degree 1 and π is the tautological projection. Further, the exponential map of Bloch and Kato maps the cohomology in degree 1 of the second complex bijectively to
∧ p and the differential 1 − ϕ v of the third complex is injective. For a proof of all these claims see Lemma 4.5 (together with Example 3.11) in loc. cit.. The long exact sequence of cohomology of the above exact sequence thus gives rise to a short exact sequence of 
and by summing over all places v in S p this implies the claimed equality.
For each σ ∈ Σ(k) we fix an embeddingσ ∈ Σ σ (F ).
we then define an element
and we note that, since p is odd, the set
The key to our argument is to compute the matrix of µ 1 with respect to the bases T and X :=
A t ), k) and for each index a one has
. This formula implies that the matrix of µ 1 with respect to the bases X and T is M −1 Φ where Φ = diag((Φ v ) v∈S∞ ) is a diagonal block matrix with blocks
and M is the matrix in GL nd C[G] that represents the isomorphism (6) with respect to the bases T and Y so that
is the matrix of the natural isomorphism π F :
and {σ} σ∈Σ(k) of O F,p and Y F,p and so
Next we note that Nrd
Thus, since each of the terms
This formula combines with (14) and (15) to give the claimed formula for the term χ G,p H
This completes the proof of Theorem 4.3.
Congruences between derivatives
We assume in the sequel that, in addition to the hypotheses (a)-(h), the following standard conjecture is also valid.
(i) For each finite set of places Σ of k and each character ψ in Ir(G) the Σ-truncated ψ-twisted
Hasse-Weil L-function L Σ (A, ψ, s) of A has an analytic continuation to s = 1 where it has a zero of order
Here G acts diagonally on the tensor product and so r ψ is equal to the multiplicity with which ψ, and hence alsoψ, appears in the representation C ⊗ Z A(F ). . In such a case we shall say that the 'eTNC p for h 1 (A /F )(1), Z[G] is valid' if for every isomorphism of fields j : C ∼ = C p the predicted equality is valid after projection under the homomorphism j G, * defined in (4).
If p does not divide |G|, then the algebra Z p [G] is regular and it is straightforward to use the techniques described in [15, §1.7 ] to give an explicit interpretation of these projections. If p divides |G|, however, then obtaining an explicit interpretation is in general very difficult (see, for example, the efforts made by Bley in [3, 4] ).
The following result is thus of some interest since, as we shall see later, it can be combined with the structure results obtained in [18] to show that under certain natural conditions one can explicitly interpret, and verify, the eTNC p for h 1 (A /F )(1), Z[G] even if G is non-abelian, p divides |G| and the rank of A(F ) is strictly positive.
For each non-archimedean place v of k, we decompose the non-ramified characteristic u v as ψ∈Ir(G) u v,ψ · e ψ with each u v,ψ in C × . For each ψ in Ir(G) we then define a modified global Galois-Gauss sum by setting
Theorem 5.1. Assume that A and F satisfy the hypotheses (a)-(i). Then the element
is valid if and only if for every isomorphism of fields j : C ∼ = C p one has
Noting that for each isomorphism j : 
Now hypotheses (e) and (h) combine to imply that
For more details about this module see Remark 5.4 below.
Proposition 5.2. Assume that A and F satisfy the hypotheses (a)-(i) and that the equality (17) is valid. Fix a surjective homomorphism of Z p [G]-modules
as above and an element a of A p (G). For each homomorphism θ :
Then for each such θ and j the element a R j (θ) j * (L ⋆ A,F/k ) e pr belongs to Z p [G] and annihilates both modules X p (A t F ) and Π npr . In particular, the element
Proof. Hypothesis (a) implies that the module A t (F ) p is Z p -free. Lemma 4.1 therefore implies, in the terminology of [17] , that RΓ f k, T p,F (A) is an admissible complex of Z p [G]-modules and equation (17) 
where the first isomorphism is induced by the Cassels-Tate pairing, the second follows from the short exact sequence (1) (with L = F ) and the last is a consequence of Lemma 4.1.
To deduce the second claim we note that, under our hypotheses (a)-(i), the natural projection map
Π is a homomorphism π of the required type. Further, in this case one has Π pr = 0 and so hypothesis (i) implies Υ pr is equal to ψ ∈ Ir(G) : L Sr (A,ψ, 1) = 0 and hence that L A,F/k = L A,F/k e pr = L ⋆ A,F/k e pr . It therefore suffices to show that R j (θ)e pr = e pr and this is true because in this case the space e pr Hom C C · A(F ), C vanishes.
Remark 5.3. The conjectural equality (17) implies, via Proposition 5.2, a family of explicit congruence relations between the complex numbers A(ψ) that are defined by the equalities A(ψ) e ψ = a R j (θ) j * (L ⋆ A,F/k ) e ψ as ψ varies over Υ pr . This is because Remark 5.5. For the explicit computation of terms of the form χ j (A, F/k) and R j (θ) occurring in Theorem 5.1 and Proposition 5.2 respectively in the case that G is cyclic of p-power order we refer the reader to [7] where, in addition, Theorem 5.1 is used in order to discuss further explicit (conjectural) properties of elements of the form a R j (θ) j * (L ⋆ A,F/k ) e pr in such settings. 5.2. The case of projective Mordell-Weil groups. In the rest of this article we consider the conjectural equality (17) In the following result we use the notion of non-commutative Fitting invariant that was introduced by Parker [44] and studied further by Nickel [41] . 
Then the equality (17) is valid if and only if the (non-commutative) Fitting invariant of the
is generated by the set of elements of the form u · L ⋆ A,F/k,j,ιp where u is in
. 
Proof. The assumed projectivity of
Since the kernel of this surjection is isomorphic (via the Cassels-Tate pairing) to X p (A t F ), such a section induces a short exact sequence of
and hence also an exact triangle in
In particular, since [1] in all degrees i, then this triangle combines with the additivity criterion of [11, Corollary 6.6 ] to imply that the element χ j (A,
Here the first displayed equality is valid as χ G,p (C • , (C p ⊗ Zp ι p ) −1 ) = 0 and the second because the (17) is therefore valid if and only if one has
. Given this, a straightforward exercise (comparing the explicit definitions of refined Euler characteristic and non-commutative Fitting invariants) shows that the above formula for χ G,p X p (A Thus, as before, we have an odd prime p and a Galois extension F/k of group G with p-Sylow subgroup P and we assume that P is an abelian (normal) subgroup of G of index two and that the conjugation action of any lift to G of the generator of G/P inverts elements of P . In particular, the degree of F/k is equal to 2p n for some n ≥ 1 and K/k is a quadratic extension. We fix an element τ of order 2 in G. We set 1 := 1 G and write ǫ for the unique non-trivial linear character of G.
In the following result, we will be interested in the case when A has rank one over K. In this case we write ρ A for the unique linear character which does not occur in the C[G]-module C ⊗ Z A(K). Hence ρ A = 1 if rk(A k ) = 0 and ρ A = ǫ otherwise.
We also set
Proposition 5.7. Assume that the elliptic curve A, odd prime p and dihedral extension F/k satisfy the hypotheses (a)-(e) and (g), that all places above p split in K/k, that rk(A K ) = 1 and that
In particular, one has r ρA = 0 and r ψ = 1 for all ψ ∈ Ir(G) \ {ρ A }.
Proof. Under the stated hypotheses, [18, Corollary 2.10(ii)] implies that
-module and that the multiplicity with which each ρ in Ir(P ) occurs in the representation C p · Sel p (A F )
∨ is equal to one. Roiter's Lemma (cf. [22, (31.6) ]) therefore implies (via the exact sequence (1)) the existence of an exact sequence of
where the group X is both finite and of order prime to p. Since the group A(F ) tor is also finite of order prime to p (by hypothesis (a)) it follows that any point Q of A(F ) whose projection in A(F ) tf is equal to the image of 1 − (−1) rk(A k ) τ multiplied by a large enough power of 2 has the properties described above.
The above description of
rk(A k ) τ and the claimed formulas for r ψ are then easily verified by explicit computation.
For each subgroup H of G and character ρ in Ir(H) we set
For any point R of A(F ) and any ψ ∈ Ir(G) we then define a non-zero complex number
where ·, · F is the C-linear extension of the Néron-Tate height on A, defined relative to the field F .
In the next result we assume the hypotheses of Proposition 5.7 to be satisfied and fix a point Q as in that result. For each ψ ∈ Ir(G) we then obtain a non-zero complex number Q ψ = Q Q,ψ by setting
where the quantity u ψ is as in (16). Further we define
Here d E denotes the absolute discriminant of a number field E and for any finite dimensional complex character ψ of G E we write Nf (ψ) for the absolute norm of its Artin conductor. We also note that hypothesis (i) combines with Proposition 5.7 to imply that the leading term L ⋆ Sr (A, ψ, 1) is equal to the value L Sr (A, ψ, 1) for ψ = ρ A and to the first derivative L ′ Sr (A, ψ, 1) for ψ in Ir(G) \ {ρ A }.
Theorem 5.8. Fix an odd prime p, a dihedral extension F/k of degree 2p n and an elliptic curve A over k. Assume that A and F satisfy the hypotheses (a)-(h), that all places above p split in K/k, that rk(A K ) = 1 and that X p (A K ) = 0. Fix a point Q in A(F ) as given by Proposition 5.7.
Then the equality (17) is valid if and only if the following conditions are satisfied.
(i) For each ψ in Ir(G) the number Q ψ defined above belongs to Q(ψ), is a unit at all primes above p and satisfies
where Z (p) denotes the localisation of Z at p.
Remark 5.9. If Q ′ is any element of A(F ) with T ψ (Q ′ ) = 0 for all ψ ∈ Ir(G) \ {ρ A }, then for each ψ ∈ Ir(G) one can define a non-zero complex number Q ′ ψ = Q Q ′ ,ψ just as in (18) . Our proof of Theorem 5.8 will actually show that if the conditions (i) and (ii) are valid with each Q ψ replaced by
-generator of A(F ) p and the equality (17) is valid.
Remark 5.10. If n = 1, so the extension F/k in Theorem 5.8 is dihedral of degree 2p, then each termχ(π) is congruent to 1 modulo the unique prime above p in Q(χ) and so the congruences (19) reduce to a single congruence
Proof of Theorem 5.8. It suffices to prove that the criterion of Proposition 5.6 is valid if and only if both the condition (i) and the congruences in (19) are valid. Now, since X p (A F ) = 0 (by [18, Corollary 2.10(ii)]), the criterion of Proposition 5.6 is equivalent to asking that the element L ⋆ A,F/k,j,ιp belongs to ker(δ G,p ). In view of Lemma 5.11 below it is thus enough to show that the condition (i) and the congruences in (19) are valid if and only if the element It thus suffices to show that an element × , and by Lemma 5.12(iii) this is true if and only if the congruences in (19) are valid after making the changes described above.
This therefore completes the proof of Theorem 5.8.
Lemma 5.11. There exists an isomorphism of
Proof. We claim first that for each ρ ∈ Ir(G) there is an equality
if ρ = Ind G P χ where χ ∈ Ir(P ) \ {1 P } and with S ′ r denoting the subset of S r comprising places which split in K/k. To prove this we note that for each ρ in Ir(G) one has
where the first equality follows straight from the definition (16) and the second from the result of [37,
|Sr| , whilst it is clear that w ∞ (ρ) = i |S C | , and so in this case the equality (21) is an immediate consequence of (22).
Next we note that ǫ = Ind
where S r R is the set of real places of k that ramify in K/k and d K/k the absolute norm of the different of K/k. One then obtains the claimed equality (21) by substituting this formula for τ (k, ǫ) into (22) and then using that fact that w ∞ (ǫ) = i
Finally we assume that ρ = Ind G P χ with χ ∈ Ir(P ) \ {1 P }. Then, just as above, one finds that
where W (χ) is the Artin root number ofχ and W ∞ (χ) the infinite part of the Artin root number of χ and the final equality follows from the very definition of τ (K, χ). Now W ∞ (χ) = 1 since no archimedean place ramifies in F/K. In addition, the inductivity of Artin root numbers implies W (χ) = W (ρ) and so, sinceρ is an orthogonal character, the main result of Fröhlich and Queyrut in [29] implies that W (χ) = 1. Thus, upon substituting the last displayed expression into (22) , and noting that w ∞ (ρ) = i 
because g −1 hQ is a multiple of Q only when h = g or h = gτ . The first sum here is always equal to |G|, while the second is equal to |G| for ψ = 1, to −|G| for ψ = ǫ and to 0 otherwise. Hence, writing ϑ for λ NT,j A,F T ψ (Q) , we find that
Upon substituting this equality and (21) 
Here res is the homomorphism that sends an element (ii) The homomorphism res
× if and
Proof. To prove claim (i) we fix a set of representatives Ir(P ) † of the orbits of the action of G Qp on Ir(P ) and abbreviate the functor Ind
The commutativity of the lower square of the diagram follows from the naturality of the long exact sequences of relative K-theory. To consider the upper square we use the Q p -algebra isomorphisms
, and ω P (π) = (χ(π)) χ for each g ∈ G and π ∈ P . Taken together these isomorphisms induce a diagram To prove claim (ii) we recall a group is said to be Q p -elementary if it is isomorphic to a group (Z/nZ) ⋊ J where J is an ℓ-group for some prime ℓ that is coprime to n and the image of the homomorphism J → Aut(Z/nZ) ∼ = Gal(Q(e 2πi n )/Q) belongs to the decomposition subgroup of p. This means that a subgroup of G is Q p -elementary if it is either a subgroup of P or of the form C, τ ′ where C is a cyclic subgroup of P and τ ′ an element of order 2. We consider the exact commutative diagram
where the limits are over all Q p -elementary subgroups H of G. The transition maps are the homomorphisms induced by inclusions H ⊆ H ′ and by maps of the form H → gHg −1 for g ∈ G and all vertical arrows are the natural restriction maps. By a theorem of Dress [27] (see also [43, Theorem 11.2] ), the maps α 1 and α 2 are bijective and hence α 3 is injective. Now 
tor is injective for any subgroup H of the form C, τ ′ . The map α 3 therefore restricts to give an injective homomorphism
where J runs over all subgroups of P , as required to prove claim (ii). Claim (iii) follows from the equalities
Special cases
In this section we use the criteria of Theorem 5.8 to give both theoretical and numerical verifications of the p-part of the equivariant Tamagawa number conjecture for pairs
where A is an elliptic curve for which A(F ) has strictly positive rank and G is both non-abelian and of order divisible by p.
We believe that, apart from the recent results of Bley in [5] , where the group A(F ) p is assumed to be trivial and the field F to be an abelian extension of Q of exponent p, these results constitute the first verifications of the p-part of the equivariant Tamagawa number conjecture for any elliptic curve and any Galois extension of degree divisible by p.
We begin by giving the proof of Theorem 1.1, which relies on the theory of Heegner points and makes crucial use of the theorem of Gross and Zagier. We note that the additional hypotheses in Theorem 1.1 imply the validity of hypothesis (i). In addition, Kolyvagin [31, Proposition 2.1] shows that in this case one has X p (A K ) = 0. In particular one knows that the p-primary part of the Birch and Swinnerton-Dyer conjecture holds for A /K . Furthermore, the hypotheses (d) and (h) are obviously satisfied in the setting of Theorem 1.1.
6.1. The proof of Theorem 1.1. In view of Theorems 5.1 and 5.8 we are reduced to verifying the conditions (i) and (ii) that occur in the latter result.
To do this we fix a modular parametrisation ϕ : X 0 (N ) → A of smallest degree. We also denote by c the Manin constant of ϕ and write Q for the trace in A(F ) of the Heegner point that is defined over the Hilbert class field of K.
is the number of connected components of A(R). Under our hypotheses, the theorem of Gross and Zagier (see, in particular, [32, §I, (6.5 ) and the discussion on p. 310]) implies that for each χ ∈ Ir(P ) one has
where ρ ′ A is the linear character of G appearing in A(K) and ∞ denotes the archimedean place of Q. The second equality here follows from the equality T Ind P G χ = T χ + Tχ and the fact that T χ (Q), T χ (Q) F = 0 (since the height pairing is G-invariant).
For each ψ in Ir(G) we set
where the quantities d ψ and H ψ are as defined just before Theorem 5.8. We also write
for the correction term that accounts for the S r -truncation in the leading terms for each ψ ∈ Ir(G). Then the non-zero complex number Q ψ := u ψ · t ψ ·Q ψ is as in Theorem 5.8 using our Heegner point Q. By using (23) , and the fact that
Our hypotheses imply that A(K) has rank one and X p (A K ) vanishes by Kolyvagin [31] and hence all of the hypotheses of Theorem 5.8 are satisfied except for the requirement that p splits in K/Q. However, the sole purpose of the latter hypothesis is to ensure (via the proof of Proposition 5.7) that the Q[P ]-module Q ⊗ Z A(F ) has a free rank one direct summand and so, since (23) implies that the point Q generates such a summand, this hypothesis can be ignored in our case. Following Remark 5.9, it therefore suffices for us to prove that the terms Q ψ satisfy both the conditions of Theorem 5.8(i) and the congruences (19) .
Since the p-part of the Birch and Swinnerton-Dyer conjecture holds for A /K , the hypotheses (a) and (b) and the known vanishing of X p (A K ) combine to imply thatQ 1 andQ ǫ are both p-units. The hypothesis (c) implies that A has good reduction at p and so the hypothesis (ii) combines with [1, Theorem 2.7] to imply that the Manin constant c is a p-unit. Using also the fact that p is unramified, we find that C is a p-unit too.
We proceed to compute the values of u ψ and t ψ . Since F/K is unramified, we have that each ramified place v in S r has ramification index 2 and v does not split in K/Q. It is easy to see that u ǫ = 1 and that u 1 = u ψ = (−1)
|Sr| for all ψ of dimension two. Next, for any ψ in Ir(G), we have
and since no place of bad reduction is allowed to ramify by hypothesis (e), one has
. Hence t ǫ = 1 and t 1 = t ψ for all ψ of dimension two. Moreover, this last value t 1 is equal to v∈Sr |A(κ v )|/|κ v |, which is a p-unit by hypothesis (f). Therefore Q ψ is a p-unit for all ψ ∈ Ir(G).
Next we note that Q 1 · Q ǫ = Q ψ for any ψ of dimension two as we have shown that u 1 t 1 u ǫ t ǫ = u ψ t ψ . Since each element Q ψ also belongs to Q, this formula makes it clear that they satisfy the condition of Theorem 5.8(i). In addition, it shows that for any π ∈ P one has
Finally we note that the last sum in the above expression is equal to 0 if π = 1 and to |P | otherwise. Hence the expression is in both cases congruent to Q 1 Q ǫ modulo pZ (p) , as required to complete the proof of Theorem 1.1.
6.2. S 3 -extensions. In this section we investigate the case that F/K is a cyclic extension of degree p = 3 and hence F/k is a non-abelian extension of degree six. We show that the conjecture of Birch and Swinnerton-Dyer (or 'BSD' for short) implies an explicit congruence modulo rational squares and then combine this congruence with Theorem 5.8 to prove the equality (17) for a natural family of examples. We assume throughout that G is a non-abelian group of order six. In this case Ir(G) comprises 1 := 1 G , ǫ and ψ = Ind G P χ for a fixed χ in Ir(P ) \ {1 P }. We fix a subfield L of F that is of degree 3 over k and set H := G F/L . 6.2.1. An arithmetic congruence. For each character η in Ir(G) we define
Here the quantities d η are as defined just before Theorem 5.8 and we have set
with Reg(A /E ) denoting the regulator of ·, · E on the Mordell-Weil group A(E) for any field E. These slight variations of the regulators that we used earlier fit well with BSD and do not require any knowledge of the explicit Galois structure of A(F ) p . In fact, BSD predicts that each expressioñ Q η is a non-zero rational number.
In the following result we include the assumed analytic continuation of the L-series and finiteness of the Tate-Shafarevich group in the assumption that BSD holds but do not assume any of the hypotheses (a)-(d) and (f)-(h). This result may therefore suggest one sort of congruence relation that might be expected to hold when our hypotheses fail. We note also that the remark made by Dokchitser and Dokchitser in the fourth paragraph after Conjecture 1.4 of [26] hints at the possibility of this sort of result in a more restrictive setting.
Theorem 6.1. Let A be an elliptic curve over k and assume no place at which A has bad reduction ramifies in F/k. Then if the Birch and Swinnerton-Dyer conjecture holds for A /k , A /K and A /L one has a congruence modulo non-zero rational squares
Proof. Fix a finite field extension E of k. If v is a (finite or infinite) place of E, write c(A/E v ) for the number of connected components A(E v ) :
For a finite place v in E, also write ω Né v for a Néron differential of A /Ev . Then BSD for the field E asserts that
where we write Ω(A /E ) for the period
The termQ 1 is equal to the left hand side of (30) with E = k. Furthermore the productsQ 1Qǫ andQ 1Qψ link to the left hand sides of (30) for the fields K and L respectively. More precisely, one hasQ
where, as before, S r R denotes the set of real places of k that become complex places in K. The formula forQ 1Qψ is modified by the same factor as there is exactly one complex place in L above each place in S r R . In proving this last formula one also uses the fact that
In addition, since we are working modulo squares, we may neglect the terms |X(A E )| and |A(E) tor | 2 which occur on the right hand side of the formula (30). The required congruence (29) will therefore be proved if we can show for each place v in k that
and for each finite place v in k that
Now, by our assumption, no place at which A has bad reduction is ramified in F/k and so the Néron differential for A over k v remains a Néron differential for A over both of the fields K w and L w . Hence the equation (32) is valid for all finite places, because ω A /ω Né v is in k v and one has
Next we note that the congruence (31) only needs to be checked at places at which A has bad reduction (and which therefore do not ramify in F/k) and at infinite places. If the decomposition group G v at a place above v in F is trivial, then both sides of this congruence are equal to c (A/k v ) 3 . If G v is cyclic of order 2, then there is one place w ′ in L with L w ′ = k v and one place w ′′ with L w ′′ = K w for the unique place w above v in K and so both sides of (31) are equal to c(A/k v )·c(A/K w ). Finally we have to treat the case when G v is cyclic of order 3 and hence the place v is finite. In this case the left hand side of (31) Corollary 6.2. We assume that the elliptic curve A and field F satisfy the hypotheses (a)-(h). We assume also that G and L are as in Theorem 6.1 (so p = 3) and that the Birch and Swinnerton-Dyer conjecture holds for A over each of the fields k, K and L. Then the equality (17) is valid provided that X p (A K ) = 0, rk(A K ) = 1 and there exists a point Q in A(F ) which generates a G-module of finite prime-to-p index in A(F ) that is isomorphic to
Proof. First, we note that given our hypotheses (a), (b) and (e), our choice of ω A (as in §4.4.1) and our assumption that X p (A K ) vanishes, the validity of BSD implies that the termQ η is a p-adic unit for all η ∈ Ir(G). Next we linkQ η to Q η in Theorem 5.8, the difference being the termsH η versus H η and the terms u η and t η (as defined in (25)). Using the explicit structure of A(F ) p , it is easy to show that
where all congruences are modulo squares in Z 
An argument similar to the one that concludes the proof of Theorem 1.1 hence implies that we will have verified the criterion in Theorem 5.8 if we show that u 1 t 1 u ǫ t ǫ and u ψ t ψ are 3-adic units that are congruent modulo 3. Writing N v = |A(κ v )| for the number of points in the reduction at a place v and q v = |κ v |, we can summarise the computations of the local contribution to these terms at a place v ∈ S r in the following table according to the type of ramification. Here e v stands for the ramification index at a place in F above v and f v for the residual degree.
det −F r w V Iw η det 1 − F r
In the last line w denotes the unique place w in K above v. If a place v were totally ramified it must be above 2 or 3 as the tame inertia group is cyclic and it can not be above 2 because the wild inertia group is normal in the inertia group. Hence there was no need to list the totally ramified case as all places above p = 3 were assumed to be unramified by (h). From the table we can conclude that all the terms u η and t η are indeed 3-units by (f) and that Remark 6.4. For any prime p > 3, the methods used in the proofs of Theorem 6.1 and Corollary 6.2 enable one to deduce from the assumed validity of suitable cases of the Birch-Swinnerton-Dyer Conjecture a congruence for the product dim(ψ)=2Q ψ , rather than for the sum dim(ψ)=2Q ψ that occurs in (17).
6.3. Numerical examples. In this final section we describe two numerical examples to further illustrate the predicted congruences in Theorem 5.8 and to explain how one can check these congruences for numerous examples. It is comparatively straightforward to give examples with p = 3 but Corollary 6.2 implies that there is limited interest in doing so. We therefore discuss examples with p = 7 and p = 5.
Our numerical computations were done using Sage [48] , which uses underlying Pari-GP [49] . The computations of the L-values was done in Magma [9] which contains an implementation of [25] . The code can be obtained from the last named author's webpage. 6.3.1. A Stark-Heegner point example. We consider the example of the elliptic curve labelled 37a1 in Cremona's tables [20] A : y 2 + y = x 3 − x over the Hilbert class field F of K = Q √ 577 . The curve has rank 1 over Q and K. The extension F/K is of degree p = 7 defined by a root ξ of the polynomial x 7 − 2 x 6 − 7 x 5 + 10 x 4 + 13 x 3 − 10 x 2 − x + 1.
All hypotheses (a)-(h) except the finiteness of X(A F ) in (g) can be verified easily. We find in [23] that there is a point Q = 2 ξ 6 − 4 ξ 5 − 14 ξ 4 + 17 ξ 3 + 30 ξ 2 − 7 ξ − 3, 2 ξ 6 − 19 ξ 4 − 2 ξ 3 + 32 ξ 2 + ξ − 5 of infinite order on A defined over L = Q(ξ) obtained from Darmon's construction of modular points.
The trace of Q in L/Q is equal to the generator R = (0, 0) ∈ A(Q). Let σ be a generator of P . It is easy to check that Z R ⊕ Z Q ⊕ Z (σ + σ −1 )Q ⊕ Z (σ 2 + σ −2 )Q has finite index coprime to p in A(L). Hence we can take Q as the point whose existence is predicted by Proposition 5.7. (In the general case, we may have to take a linear combination of a new point in A(L) and the generator in A(Q) to assure that the trace generates A(Q).) In fact, in our case, we can check that A(F ) = Z[G]Q by using the bound given in [21] . Using modular symbols for the character ǫ and a Heegner point computation for 1, we can prove that the formulae (24) evaluate tô
and hence conclude that BSD holds for A /Q and A /K with X(A Q ) = X(A K ) = 0. Next, we compute a numerical approximation to L ′ (A, ψ, 1) for a 2-dimensional representation ψ ∈ Ir(G). The corresponding value ofQ ψ is equal to 4.0000000000000 for all such ψ, but we know of no means of proving that this value is indeed algebraic and equal to the value 4. It predicts with good accuracy that BSD for A /L would imply that X(A L ) and X(A F ) are trivial. However assuming thatQ ψ = 4, we compute the S r -truncated version Q 1 = − 578 577 and Q ǫ = 4 and Q ψ = − 2312 577 for all dim(ψ) = 2 and hence find that the congruence (20) holds modulo p = 7. Note that in this particular case, the valuesQ ψ were all in Q. In other words we have found convincing numerical evidence that a Gross-Zagier formula
analogous to (23) should hold for all χ ∈ Ir(P ) because c ∞ = 2 and c = 1.
6.3.2. A quintic example. As a second example, we consider the curve A : y 2 + x y = x 3 − 4 x − 1 labelled 21a1 in [20] . It has rank 0 over Q, but rank 1 over K = Q(i) and the group A(K) is generated by the point R = 
